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Abstract. We study the break-down mechanism of smooth solution for the grav- 
ity water-wave equation of infinite depth. It is proved that if the mean curvature 
K of the free surface Et, the trace {V, B) of the velocity at the free surface, and the 
outer normal derivative ^ of the pressure P satisfy 

sup \Ht)\\LvnL^+ ( ||(V\/,VB)(t)||ioodt<+CXD, 
ie[0,T] Jo 

dP 

inf - — {t,x,y) > Co, 
{t,x,y)eio,T]xSt on 

for some p > 2d and co > 0, then the solution can be extended after t = T. 



1. Introduction 

1.1. Presentation of the problem. In this paper, we are concerned with the mo- 
tion of an ideal, incompressible, irrotational gravity fluid in a domain with free bound- 
ary of infinite depth: 

{{t,x,y) G [0,T] xR'^xR: (x,y) G f)*}, 

where Qt is the fluid domain at time t located by the free surface 

St = {(x,y)GR'^xR:y = r/(i,x)}. 

where t, x, y denote the time variable, the horizontal and vertical spacial variables 
respectively. Throughout this paper, we will use the notations: 

= {^x,)l<^<d, V^,y = {V,dy), A= ^ dl, A^,y = A + dl 

l<i<d 

The motion of the fluid is described by the incompressible Euler equation 

dtv + v ■S/x,yV = -ged+i-S/x,yP in Qt,t>0, (1.1) 

where —gsd+i = (0, • • • ,0, —g) denotes the acceleration of gravity and v = {vi, I'd, Vd+i] 
denotes the velocity field. The incompressibility of the fluid is expressed by 

divv = in ^t, t > 0, (1.2) 

and the irrotationality means that 

cuvlv = in Oj, t > 0. (1.3) 

At the free surface, the boundary conditions are given by 



dtV- V'^ + \"^v\^Vn\y=r,it,x) = 0, P(t,x,2/)|j^=^(t,^) =0, for t > 0,x G R^ (1.4) 
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where f„ = n+ • w|y=r;(t,a;)) with n+ := — ^===(— Vr/, 1)-^ denoting the outward 

normal vector to the free surface Sj. The first equation of (1.4) means that the free 
surface moves with the fluid. In general, the pressure at the free surface is given by 

P\v-r,(t x) = -kV • ( , :) for t> 0,x£ K^, 

where k > is the surface tension coefficient. In this paper, we will consider the case 
without surface tension. In such case, the pressure at the free surface can be set to 
zero. 

As in [13, 17], we use an alternative formulation of the water wave system (1.1)- 
(1.4). From (1.2) and (1.3), there exists a potential flow function </> such that v = 
S/x,y4> and 

A^^yc/) = in nt, t> 0. (1.5) 
The boundary condition (1.4) can be expressed in terms of (p 



dtv - VTTWWdn+^\y=r,{t,x) =0, for t > 0, x S (1.6) 

r> def 
3 dn+ = n+ • 

Bernoulli's form 



where we denote 9^+ =^ ^+ ■ '^x,y The Euler's equation (1.1) can be put into 



dt^ + l\^x,y(p\^ +gy = -P in Qt, t > 0. (1.7) 

We next reduce the system (1.5)-(1.7) to a system where all the functions are 
evaluated at the free surface only. For this purpose, we introduce the trace of the 
velocity potential (p at the free surface 

'ip{t,x) (l){t,x,r]{t,x)), 
and the (rescaled) Dirichlet-Neumann operator G{ri) 



G{r])ilj ^= \/l + WWdn+(l>\y='n{t,x)- 

Taking the trace of (1.7) on the free surface, the system (1.5)-(1.7) is equivalent to 
the system 

r atr?-G(7?)V = 0, 

which is an evolution equation for the height of the free surface r/(t, x) and the trace 
of the velocity potential on the free surface ip{t,x). 

1.2. Main result. Let us first recall some known results on the well-posedness of 
the water-wave problem. Nalimov [21], Yosihara [28] and Craig [13] proved the local 
well-posedness of the 2-D water-wave equation in the case when the motion of free 
surface is a small perturbation of still water. In general, the local well-posedness of 
the water wave equation without surface tension was solved by Wu [23, 24] in the case 
of infinite depth. See also Ambrose and Masmoudi [4, 5], where they studied the well- 
posedness of the water-wave equation with surface tension and zero surface tension 
limit. Based on the formulation (1.8), Lannes [17] proved the local well-posedness 
of the water-wave equation without surface tension in the case of finite depth; while 
Ming and Zhang [20] dealt with the case with surface tension. Recently, Alazard, 
Burq and Zuily [1, 2] proved the local well-posedness of the water-wave equation 
with surface tension for the low regularity initial data by using the paradifferential 



BREAK-DOWN CRITERION FOR THE WATER-WAVE EQUATION 



3 



operator tools and Strichartz type estimates. We should mention some recent results 
[10, 19, 11, 22, 29] concerning the local well-posedness of the rotational water-wave 
equation. 

For small initial data, Wu [25] proved the almost global well-posedness of 2-D 
water-wave equation, and Wu [26] and Germain, Masmoudi and Shatah [16] proved 
the global well-posedness of 3-D water-wave equation. On the other hand, Cas- 
tro, Cordoba, Ferferman, Gancedo and Lopez-Fernandez [7] showed that there exists 
smooth initial data for the water-waves equation such that the solution overturns in 
finite time. See [8, 12] for the splash singularity. Wu [27] also construct a class of 
self-similar solution for the 2-D water-wave equation without the gravity. 

In this paper, we will study the possible break-down mechanism of the local solution 
of the system (1.8). For the incompressible Euler equation in the whole space, Beale, 
Kato and Majda [6] showed that as long as 



then the solution v can be extended after t = T. For the water-wave equation, Craig 
and Wayne in a survey paper [15] propose the similar problem "How do solutions 
break down?" and state: 

There are several versions of this question, including " What is the lowest expo- 
nent of a Sobolev space in which one can produce an existence theorem local in 
time?" Or one could ask "For which a is it true that, if one knows a priori that 
sup[„2^2'] 11(^5 V')l|c° < +00 and that (r/0,^0) £ C°°, then the solution is fact C°° over 

the time interval [— T, T] ?" It would be more satisfying to say that the solution 

fails to exist because the curvature of the surface has diverged at some point, or a 
related geometrical and(or) physical statement. 

For the first version of Craig- Wayne's problem, Alazard, Burq and Zuily make the 
important progress in a recent work [3]. To state their result, we denote by {y,B) 
the horizontal and vertical traces of the velocity on St, which is defined by 



Then there exists T > such that the system (1.8) with the initial data (r/0;V'o) ^ols 
a unique solution (rj, ip) satisfying 



Remark 1.2. In fact, the authors in [3] consider the case of finite depth with rough 
bottom, in which case one need to impose an extra condition on the initial data: 

a(0, x)>c>0 forxGlV^, where a{t,x) = —{dyP){t,x,rj{t,x)), 

which is the so-called Taylor sign condition. In the case of infinite depth or finite 
depth with the flat bottom, this condition automatically holds, see [17, 23, 24] for 
example. 




V = V(j)\y=r,. B = dy<P\y=r,. (1-9) 




7] G C{[0,T];H'+-2(R'^)), ^ G C([0, T]; /7^+2 (R'^)) 
V G C{[0,T];H'(R'^)), B G C{[0,T]; H'(R'^)). 



The goal of this paper is to answer the second version of Craig- Wayne's problem. 
Our main result is stated as follows. 
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Theorem 1.3. Let (i],'4>) he the solution of the system (1-8) on [0, T] stated in The- 
orem 1.1. If the solution {r],ip) satisfies 

M{T)tf sup MmLpnL^+ r \\{VV,VB){t)\\l^dt<+^, 
te[o,T] Jo 

TS'=^ inf —-—(t,x,y) > cn, 

for some p > 2d and cq > 0, then we have 

sup E,{t) < C{Es{0),MiT),T, TS^'). 

tG[0,T] 

Especially, the solution (rj, ip) can he extended after t = T. Here K{t, x) is the mean 
curvature of the free surface defined by 

.it,x)tfv.f ^'?(*'-) 



^l + \Vrj{t,x)\'^ 
def 

and Eg (t) = \\{r],ip){t)\\ + ||(y, , andC{-,-,-) is an increasing function. 

Remark 1.4. Theorem 1.3 implies that there are three possible blow-up mechanisms 
for the solution of the gravity water-wave equation: rolling-over of the surface, hlow-up 
of the curvature or the formation of shock. 

Remark 1.5. The same result should he true for the case of finite depth. In a future 
work, we will extend a similar result to the rotational water-wave equation. 

2. Paradifferential calculus 

In this section, we recall some results about the paradifferential calculus from [18], 
see also [1, 3]. 

2.1. Paradifferential operators. Let us first introduce the definition of the symbol 
with limited spatial smoothness. We denote W^'°°(R'^) the usual Sobolev spaces for 
/c G N, and the Holder space with exponent k for k € (0, 1). 

Definition 2.1. Given p G [0, 1] and m £ H, we denote by r^(R'^) the space of 
locally hounded functions a{x,S^) on R'^ x R'^\{0}, which are C°° with respect to ^ for 
^ 7^ and such that, for all a G N'^ and all ^ 7^ 0, the function x — )• d^a{x.^) belongs 
to Wf'^ and there exists a constant Ca such that 

1 

2' 

The semi-norm of the symbol is defined by 



<C„(l + |eir-|"l for any \i\> -. 



M^{a)=^ sup sup ||(l + |^|)l°l-™a|'a(-,e)||iyp-. 

|a|<3d/2+l+p |C|>l/2 

Given a symbol a, the paradifferential operator Tq is defined by 

TUiO =^ (27r)-^ / x(e - ri, " V, vmv)u{v)dv, (2.1) 
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where a{6, ^) is the Fourier transform of a with respect to the first variable; the 
x(^iO G C°°(R"' X R"') is an admissible cut-off function: there exists £1,62 such that 
< ei < £2 and 

X{0,v) = l for \e\<ei\ri\, x{0,v) = for |^|>e2|??|, 
and such that for any {9, r/) G R"' x R'^, 

|9,-5^^x(^,r?)|<C,,^(l + |r?|)-H-l^l. 
The cut-off function V'(^) £ C°°(R'^) satisfies 

tp{i]) = for \rj\ < 1, il^irj) = 1 for \rj\ > 2. 

Throughout this paper, we will take the admissible cut-off function i]) as 

00 

k=0 

where C{0) = 1 for \d\ < 1.1 and ({0) = for \e\ > 1.9; and 

Cfc(e) = C(2-'e) for kez, 

^0 =C, Vk = Ck- Cfc-1 for k>l. 
We also introduce the Littlewood-Paley operators A^,, defined by 

Afcu = ifkiOuiO) for ^ > 0, AkU = for A; < 0, 
SkU = T~^{Ck{Ou{0) forfcGZ. 
In the case when the function a depends only on the first variable x in TaU, we take 
ijj = 1. Then TaU is just the usual Bony's paraproducts and 

-I- 00 

TaU = Sk-saAkU. (2.2) 

k=0 

Furthermore, we have Bony's decomposition: 

au = TaU + Tua + R{u,a), (2.3) 
where the remainder term R{u, a) is defined by 

R{u,a) = Y2 AfcaA^u. 

\k-£\<2;k,£>-2 

Now we introduce the Besov space. 

Definition 2.2. Let s G R, g G [l,oo]. The inhomogeneous Besov space i?p g(R'^) 
consists of the temperate distribution f satisfying 

\\f\\Bs/=^[Y.^''^'\\^kf\\%)'<+00. 

k 

When p = q = 2, i?p ,^(R"') is just the usual Sobolev space i/^(R'^); When p = q = 
00 and s ^ N, it is the Zygmund space C^(R!^). From the definition, it is easy to see 
that if si < S2 and 52 ^ Qi, then 

ll/lli.-, <II/IIb-,; (2.4) 

if S2 > si, then 

ll/lls- < \\f\\B;%- (2-5) 
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The following Berstein's inequality will be repeatedly used. 
Lemma 2.3. Let 1 < p < q < oo, a G N'^. Then it holds that 

WSkuWii < C2'"^^p"i+l"l^||5fen||LP for A: G N, 
\\^ku\\Li < C2'''^^p~9~l'*l) sup \\dl^Aku\\LP fork> 1. 

m=\a\ 

2.2. Symbolic calculus. We recall the symbolic calculus for the paradifferential 
operators. 

Proposition 2.4. Let m,m' G R and p G [0, 1]. 

(1) Lfae r^i'R'^), then for any /i G R, 

||ra||j^M_j.^M-m < CM™(a); 

(2) Lfae r™(R'^),6 G T'^'i'R'^), then for any fi e K, 

\\Tan - Tab\\H,_H,-m-^'+, < CM^ia)M^'{b) + KM^{a)Mfiby, 

(3) Lfae r;;^(R'^), then for any ^ G R, 

\\Ta — (Ta)*||j^M^j^M-m+p < CM^{a). 
Here (Ta)* is the adjoint operator ofTa, and C is a constant independent of a,b. 
Remark 2.5. If fi, fi + m ^ ISi , then we have 

\\Ta\\ < CM™(o), 

and if fj,, p, — m — m' + p ^ N, the we have 

WTaTh - Tab\\w.,^^w^.-m--'+p^^ < CM'^{a)M^'{b) + CM^{a)Mf{b). 
Lemma 2.6. Let m,m' , p G R, g G [1, oo] and p G [0, 1] . 

(1) Ifae rg^lR'^), then 

R/* ^R/^~"^ — CMq (a); 

(2) Ifae r™(R'^),6 G r"/{R'^), then 

WTaTb - r„6|| ^„,-„._.+p < CM^{a)MS''ib) + CM:^{a)Mf [b). 
Here C is a constant independent of a, b. 

Proof. Take a such that a,a + m ^ N. From the definition of Ta, we know that 
there exists a constant Nq G N such that 

A,(T,n)= Yl ^jiTaAku). (2.6) 

\j~k\<No 

Then it follows from Remark 2.5 that 

\\AjTaU\\Lo^ < ^ \\AjTaAku\\L^ 

\j~k\<No 

< ^ ^ 2 ■''^||TaAfcU||v(/ai.°° ^ C ^ ^ 2 ■''^11 AfcU II ^a + m, oo 

|i-fc|<Afo li-fc|<Afo 

<C7 ^ 2'"'=||Afcu||Loo, 

\j-k\<No 

which implies (1). The proof of (2) is similar. □ 
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Remark 2.7. If the symbol a(x,^) satisfies 

||5fa(-,0llc-p <Ca(l + |eir"l"l for any \^\ > ^, 
for some p > 0, then Ta is bounded from H^'{R'^) to H''^'"~P{Rf^) and q to 

Lemma 2.8. Let F be a smooth function with F{0) = and fi > 0,q £ [1, oo]. Then 
it holds that 

\\F{u)\\Ht^ < C{\\u\\L°°)\\u\\H^^, 

\\Fiy')\\B-^., < C{\\u\\l^)\\u\\bi^^^. 
2.3. Commutator estimates. 

Proposition 2.9. Let m,n £ll,s > and a £ r"'(R'^) with p G (0, 1]. Then 



K^))^TJn||^, <C7M7(a)||n|U 



Proof. We write 

[{Dy,Ta]u = T^^^yTaU - Ti^^y, + {{DY - Tf^^)s)TaU, 

then the proposition follows from Proposition 2.4 and 

\\{{Dy - T^^y)Tau\\H. < C\\{Dy{l - ^l^{D))Tau\\H. < CM^(a) 

for any p' > 0. □ 

Proposition 2.10. LetV £ C{[0,T]; B^^ i{'R'^)) and p = p{t,x,^) be homogenous in 
^ of order m. Then it holds that 

II [Tp, dt + V- V]u{t)\\^, < CiMS'ipWmsi^^^ + M^idtp + V ■ Vp)) 

Proof. We follow the proof of Lemma 2.16 in [3]. As in [3], it suffices to consider 
the case when p = p{t, x) by decomposing p into a sum of spherical harmonic. By a 
direct calculation, we have 

[dt + V- V, Tp]u = Td,pu + V ■ Tsjpu + V ■ TpVu - Tp{V ■ Vn) 

= Tojp+y Vp'w + [y ■ T^p - Tv-vpju + {V ■ TpVu - Tp{V ■ Vn)) . 

First of all, we get by Proposition 2.4 that 

\\Tdtp+v-Vpu\\L2 < C\\dtp + V ■ Vp\\l^\\u\\l2. 

Set S^~^{V) = Ek>j~3^kV. Then V = Sj^3{V) + S^-%V) . Hence, 

V ■ Typu = Sj-z{V) ■ Sj.3{Vp)AjU + ^ S^-\V) ■ Sj^3{Vp)Aju 

3 j 

= Y,iSj-3iSj-3iV) ■ Vp)AjU + ([5,_3(y), S,-_3] • Vp)A,u) 
j 

+ YS^-^{V)-Sj.3{Vp)Aju 

j 

=Tv.vpU - {Sj.3{S^-Hv) ■ Vp) + ([5,_3(y), 5,-3] • Vp)) A, 
j 

+j2s'~Hy)-s,Mvp)A 



iU 
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By Lemma 2.3, we get 

\\^S^-\V)-S,^3{Vp)Aju\\^, < C\\p\\l^J2'^^\S^~HV)\\l^\\A,u\\l2 
j j 

<C\\p\\l^\\u\\l2Y,'^^ E W^kVh^ 

j k>j~3 

oc, 1 

Noting that Sj^s{S^~^{V) ■ \/p)AjU is spectrally supported in an annulus {ci2^ 
Id ^ C22-^}, we infer from Lemma 2.3 that 

\\Y,Sj-3{S'~HV) ■Vp)A,u\\l, 

j 

< {2^\\S^-HV)pU^ + ||5^~3(V • V)pU^)'\\Aju\\1, 
j 



< ^ll„l|2 ||T/I|2 ||„,||2 



oo,l 

Similarly, {[Sj-3{V), Sj-3]Vp)AjU is also spectrally supported in an annulus {ci2^ 
\C\ < C22J}, thus, 

\\^{[Sj.s{V),S,.s]Vp)Aju\\l,<cY,\m-3{V),Sj.s]^^^ 



J J 

<cY,\\Sj-3{v)fw,Mi^\\Aju\\l, 

j 

<c\\v\\l,,Ml^\\u\\l,. 

Here we used the commutator estimate 

m,g]Vf\\L^ <C\\Vg\\L^\\f\\L^, 
which follows from the identity 

[Sj,g]Vf{x) = [ 4(x - x'){g{x')-g{x))Vf{x')dx' 
VUx - x'){g{x') - g{x))f{x')dx' 



Ux - x')Vg{x')f{x')dx', 

and llCfcllii + lla^VCfcll^i < C. This proves that 

\\{V ■T^^-Tv.^p)u\\l2 <C\\p\\lAV\\bI^ JA\l^- 
Next we write 

V ■ (TpVu) = E Sj^3iV)Sj^3{p) ■ A, Vn + ^ S^-HV)SjMp) ■ AjVu. 
j j 
It follows from Lemma 2.3 that 

\\J2S'-HV)Sj-3ip)AjVu\\^, < C\\p\\l^\\V\\biJ\u\\l2. 
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On the other hand, we have 

Tp{V ■ Vn) = TpTv ■ Vu + Tp{V - Ty) ■ Vu 

= ^5,_3(p)A,{5,_3(y)-Vn} 

j 

+ 5j_3(p)Aj{(5fe_3 - Sj.3){V) ■ VAfcu} + Tp{V - Tv)Vu 

j j 
+ Y,Sj-3{p) ■ A,{(5fe_3 - Sj.3){V) ■ VAfcu} + Tp{V - Ty) ■ Vu 

= 5j_3(y)S,-3(p) • VA.^x + h+h + h. 

j 

We get by Proposition 2.4 and (2.3) that 

II^sIIl^ < C\\p\\l^\\{V - Tv) ■ Vu\\l2 < C\\p\\L^\\V\\si^ Juh2. 

Note that the summation index (j, A;) in I2 should satisfy \k — j\ < Nq for some 
iVo G N, hence, 

||-^2||l2 < C||p||loo||F||si Jl^i||L2- 

00,1 

We rewrite Ii as 

j j 

for some A^'o G N so that Sj-3{p)[Aj, Sj-N^iV)] ■ Vu is spectrally supported in an 
annulus {ci2^ < \^\ < C22^}. Then as in the above, it is easy to get 

||^i||l2 < C||p||Loo||y||^i ||n||i2. 

00,1 

Hence, we conclude 

\\V ■ TpVu - Tp{V ■ Vu)\\l2 < C\\p\\loo\\V\\bi^ Ju\\l2. 
This finishes the proof. □ 

3. Parabolic evolution equation 
Let / = [zq, zi]. We denote by r™(/ x R*^) the space of symbols a{z; x,£,) satisfying 

M;^(a) =^up sup sup ||(l + |e|)l"l-"'5|'o(z;-,C)|k''.- < +00. 

zel |o|<3(i/2+l-fp |5|>l/2 

In this section, we study the parabolic evolution equation 

d;,w + TpW = f, ,^ 
w|2=^o =wo, 

where the symbol p G Tp{Ix R"^) is elliptic in the sense that there exists ci > such 
that for any z e I, {x, ^) G R*^ x R*^, it holds that 

Rep(z;x,e) > cilel- (3.2) 
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In order to obtain the maximal parabolic regularity of the solution, we introduce 
Chemin-Lerner type space Ll^I; ^(R!^)) , whose norm is defined by 

k 

which was firstly introduced by Chemin and Lerner [9] to study the incompressible 
Navier-Stokes equations. When p = £ = oo, we denote it by 1/^(1; C'^(R'^)). When 
p = q = e = 2, we have Li{I; B^/R'^)) = L^{I; H"- {R'^)); When q = oo,p = £ = 2, 

we denote it by L'f{I; H^{R'^)). In this case, we have 

Uh^mr) < \\f\\z^^i,Hry (3-3) 

Proposition 3.1. Let rGR, £g[1,oo] 1 < q < p < oo. Assume that p G r^(/ x R'^) 
for p > and w is a solution of (3.1). Then for any 6 > 0, we have 

"'^"z-rz-B'-'n - ^(^^p(^')'^r')(lko||B^,, + 11/11 i+i + ll«^llz?(/;c-*))' 

where C(-) is a nondecreasing function independent of p. 

The proof is based on the following classical parabolic smoothing effect. 

Lemma 3.1. Let k > and p € [l,oo]. Then there exists some c > such that for 
any t > 0,k > 1, we have 

lle-^'^l^lAfcullLP < Ce-^^^'WAkuWip. 

Proof. Take a function xi e '^^(R"' \ {0}) such that Xi(C/2'') = 1 for ^ G suppv^^. 
Then we have 

e-'^^^'^Akuix) = (2^)-" [ e*-«e-''*l«lxi(e/2'=)Arn(e)de = Gk,t * ^Mx), 
where 

Then the lemma will follows from Young's inequality and the estimate 

\Gk,t{x)\ < C7e-^*2'--2*(i + \2''x\)~^ (3.4) 

for some N > d. 

Now we prove (3.4). Noting that 

Gk,tix) = (2^)-'^2^'^ / e'^'^'-^e-^'^'^^^xiim = 2*Gfc,i(2^x), 

thus it suffices to show that 

GkA^)<Ce-''^\l + \x\)-^. (3.5) 

It is easy to see that 

|Gfc,t(x)| <C [ e-^'^"di < Ce-""^'. (3.6) 
J|5|~i 
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To obtain the behavior of Gk,t{x) for large x, we need to integrate by parts. For this 

71^ 



end, we introduce the operator L{x,D) = ?r^. Since L{x, D)e^^'^ = e^^'^, then for 



any € N, we have 

where the integrand can be majorized by 

|x|-^max(l,(t2'=)^,t2'=|er-^)e-'^*2'=|cii|^l_^^_ 

Hence, we infer that 

< C^|x|-^e-^*2' / (1 + t2''\^\re-'t\i\dC 



which along with (3.6) implies (3.5). □ 
Proof of Proposition 3.1. For y £ I and z S [zq,?/], we set 

e(y, z; X, ^) = exp - ^ p{s; x, C)dsJ . 

Noting that = ep, we get by (3.1) that 

d;,{TeW) = Ta^eW + TedzW = {Tep - TeTpjw + Tg/. 

Integrating it on [zq ,y], we get 

ry ry 
Tiw{y) = T^l^^^^wo + / Tef{z)dz+ / {T^p - TeTp)w{z)dz 

J ZQ J ZQ 

= Gi + G2 + Rw 
so that for any G N, there holds 

w = {I + R + ■ ■ ■ + R^){Gi + G2 - Tiw + w) + R^+^w, (3.7) 
where for any 6 > 0, we have 

It is east to verify that e(y, z; x, ^) exp(ci(y — z)|^|/2) G T^CRf^) for y,z G /, z < y 
with the bound 

MO(e(y,z;x,Oexp(ci(2/-z)|e|/2)) < CM^^P)- 
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Thus by (2.6), Remark 2.5 and Lemma 3.1, we have 

\\AjTeU\\L^ < ^ ||AjTeAfcM||i,oo 
\j-k\<No 

< Yl 2-5||A,-reexp(ci|D|(y-z)/2)exp(-ci|Z)|(y-z)/2)Afc^x||^i 

\j-k\<No 

<CMl{p) 2-^eM-ci\D\{y-z)/2)Aku\\ch 

\j-k\<No 

<CMl{p) Y expi-civ - z)2'')\\Aku\\L^ (3.8) 
\j^k\<No 

for some Nq G N and c > (Important note: the summation index A; > 1 due to 
the definition of Tg). 

Now let us turn to the estimates of Gj. We get by (3.8) that 



<CM}{p)[Yi E 2^'(^'+i)||exp(-c(y-.o)2^)||AfcTz;o||L?>|Lp(,/)' 

j \j-k\<No 
j \j-k\<NQ 

<CM}{p)\\wo\\b:^^^. (3.9) 
For G2, we have by (3.8) that 

r \\A,TJiz)\\L^dz < CMlip) Yl r^M-c{y - z)2'')\\Akfiz)U^dz, 
from which and Young's inequahty, we infer that 



r\\A,TJ{z)h^dz <CMj,{p) Y 2"'=(i+^4)||Afc/||^,(, 

This imphes that 



\j-k\<No 



IIG2II .+1 <CMl[p)\\f\\ ! . (3.10) 

Similar to the proof of (3.8), we can get 
WAjiTeTp - Tep)w\\L^ <C{Ml{p)) Y 2'=(i-^)exp(-c(y-z)2'=)||Afct/;||Loo, 

\j-k\<No 

which imphes that 

Take N big enough so that f + ^ — + l)p < —5. Then the proposition follows 
from (3.7) and (3.9)-(3.11). □ 
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Given r G R, let us introduce the spaces 

=^Zf (/; H'-{K'^))nLl{I; H^'+^R.'^)), 

Y^il) Zl(/;i7^(Rrf)) +L2(/;if-l(R'^)). 

In a similar way as in Proposition 3.1, one can show that 

Proposition 3.2. Let r G R. Assume that p G ^pil x R*^) for p > and w is a 
solution of (3.1). Then it holds that 

\\w\\x-{i) < C{Mp{p),ci){\\wo\\H- + ||/||y(7) + \\w\\L2(I-Hn), 
where C(-) is a nondecreasing function independent of p. 

Let us conclude this section by presenting some product estimates in the Chemin- 
Lerner type space. 

Lemma 3.3. Let r G R and q,qi,q2 £ [l)Co] with ^ = + Then for any 
ri,r2 > 0, we have 

W^afWlKlim) - ^llfi'llL«l(/;L°°)ll/IIZ?2(/;//'-)' 
W'^afWlliliH'-) - ^llfi'llL?l(/;C-'-i)ll/llL92(/;H'-+'-i)' 
ll^9-^IIZl(/;H'-) - ^II5'IIlI1(/;C0)II-/'IIl«2(/;H'-+'-2)- 

Proof. By the definition of paraproduct, we have 

^jTJ= Aj(5fc_35Afe/) for some iVo G N. 

\j-k\<No 

Hence, we get by Lemma 2.3 that 

\j-k\<No 

<C ll5llzn(/;Loc)||Afc/||j,2(^.^2), 
\j-k\<No 

which implies the fisrt inequality of the lemma. On the other hand, by the definition 
of Sk, we have 

e<k-2 

which imply the last two inequalities. □ 
In a similar way, one can show that 

Lemma 3.4. Let r G R and q,qi,q2,i G [IjCo] with | = ^ + Then for any 
ri,r2 > 0, we have 



\'^9f\\Lt(I;B'- ,) - ^ll5llLll(/;C-n)ll./ IIZ!2(/:B''^:'l)' 
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Lemma 3.5. Let q,qi,q2,(- S [1)C«] with | = ^ + i. Then for any r > and 

ri £ R, we have 

l|-R(/>5')ll2;9(/.^r) < C'lbllz9l(j.pri)||/||j92(j.^r-ri), 

ll-^(/'5')llL|(/;ij^^^) < C'llfi'll L«i(/;C"-i) 11/11 Z92(^.5--n)- 

If r <0 and ri + r2 > 0, then we have 

5')ll7'9fr.Rr -> < C'||fi'llr9l^^.^r^^||/||r92^ 



'y''llLl{/;iJ^_,) - ^liyilL^l(/;C"-l)ll^ IlLf {/;C"-2)- 

Proof. Due to the definition of R{f, g), we have 

A,R{f,g)= Yl A,{AkfAig) for some iVo G N, 

\k-e\<2;k,i>j-No 

from which and Lemma 2.3, we infer that 

\\^jR{f,9)\\Li(i;L^)<C Yl \\^kf\\ii2^j.L2)\\Aeg\\in^j.^^^ 

\k-e\<2;k/>j~No 

k>j~No 

which implies the first inequality of the lemma. The proof of the other three inequal- 
ities are similar. □ 

4. Elliptic estimates in a strip of infinite depth 

In this section, we consider the elliptic equation in a strip of infinite depth S = 
{{x,y) ■.xe'R'^,y< ry(x)}: 

Ax v(t> = q in 5, 

(4 1) 

Throughout this section, we assume that r/ E H^~^2(J\f-^ n C2+^(R'^) for s > 1 + | 
and some e > 0. We denote by Kn = -ftr,,(||7/|| 3^^, 11^/11^2) a nondecreasing function, 

which may be different from line to line, / = (— oo,0). 

First of all, we flatten the boundary of 5 by the following regularized mapping: 

(x, z) G R*^ X (-00, 0] I — > (x, ps{x, z)) G S, 

where ps with (5 > is given by 

P5{x,z) = z + {e^'\%){x). (4.2) 

Remark 4.1. For any z < 0, we have 

\\d,p5 - 1||l- < <5||e^^l^l|Z)|7?||L- = 5\\P.5, * 

<C5\\P^Sz{-)\\lA\\DMl^<C5U\^,^,. 

Here Pz{x) is the poisson kernel. Throughout this paper, we will fix 5 small enough 
depending only on \\rj\\^3^^ such that 

\\dzP5 - 1||l-> < ^, hence d^ps > ^- 
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We set v{x, z) = (j){x, ps{x, z)). It is easy to find that v satisfies 
I a> + aAv + ^- Vd,v - jd,v = Fo, 

\ V\z=0 = f, 

where Fq = ag and the coefficients a, /3, 7 are defined by 

« = TT^' ^ = -'TT^' 7=^(5.P. + aAp, + /3.V5.p,). (4.4) 
By the definition of ps, we find 

r d,{ps-z)-6\D\{ps-z)=0, 

\p5- z\z=0 = V- 

Then we infer from Proposition 3.2 and Proposition 3.1 that 

l|Vp.||^._i(^) + Wd.Ps - < C(||^||^3,Jh||^.,i , (4.5) 

\\^-^^Psh^^i,ch+^) + < C(||r?||^3+J. (4.6) 

In order to obtain the tame elhptic estimates, we parahnearize the elhptic equation 
(4.3) as 

d^^v + TaAv + Tf, • Vd,v = Fo + Fi + F2, (4.7) 

with Fi , F2 given by 

Fi = -fd,v, F2 = (r« - a)Av + {T^ - /3) • Vd,v. 

As in [3], the equation (4.7) can be decoupled into a forward and a backward parabohc 
evolution equations: 

{d, -Ta){d,-TA)v = Fo + Fi + F2 + F^^F, (4.8) 

where 

a = ^(-i/3-e-\/4a|e|2-(/3-e)2), 
1 



F3 = {TaTA - TaA)v - {Ta + TA + Tp- V)d,v - Tq^av. 
Remark 4.2. The symbols a, A satisfy 

a{z\x,5) ■ A{z;x,C) = -a{x, z)\i\'^ , a{z;x,C) +A{z;x,^) = -i/3{x,z) ■ 
Noticing that 

4a|^p-(/3-0'>C2|eP 
for some C2 > depending only on \\rj\\^3^^, it follows from (4-6) that 

Mi^,(a) < C(h||^3^J, Ml^^iA) < C{\\v\y^,). 
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4.1. Elliptic estimates in Sobolev space. 

Proposition 4.3. Let v be a solution of (4-3) on I xR'^ . Then for all a € [— |,s — 

it holds that 

||Va:,^'u||x'^(/) < Krj{\\S/x,zV\\L2(Ix-Rd) + II/IIh<^+i + II -^0 1| (/) + ll^ll^s+^ II ^x.^'W ||L°°(7xRrf)) • 

Moreover, for a = we have 

||Va;,;:W||^_l^^^ < i<:^(||Fo||^„l^^^ + \\Vx,zV\\L^IxRd)). 

Before proving the proposition, we make the estimates for the coefficients a, j3, 7 
and Fi{i = 1,2,3). 

Lemma 4.4. It holds that 

II" - ^hm.H^^h + II^IIli(/;/7=+^) + II^IIZK/;//^-^) ^ ^M\hs^-^^ 
ll"IIZ2(/;Cl+^) + ll/^IIZ2(/;Cl+^) + ll">'IIZ2(7;C^) ^ 

Proof. Noting s — | > 0, the first two inequalities of the lemma follows from Lemma 
2.8 and (4.5)-(4.6) except that ||7|| Thanks to (4.6) and Lemma 2.8, 7 

can be written as 

7 = 7iVS, where 71 G Lf (I; cH^), 72 G ^^^+') 
with the following bounds 

ll^l|lz-(/;a+^) + ll^2||j^(^^^3^.)<i^,. 

We use Bony's decomposition (2.3) to write 7iV^72 as 

7 = T^,V272 + Tv2^^7i + ii(7i, V272). 
We infer from Lemma 3.4 and Lemma 3.5 that 

ll^^'Yi V^72||~ , 1,, < CII71II TOO ||72||~ ^ 3,^, < K-n^ 



II^V2^2 71|IZ^(,;C2.) < Il7l|lj^(,.^i+.)ll72||j^(^.^3+.^ < K, 

P(7i, V272)llz^(/;C2.) < llTillz,^(/;a+^)ll^2||j^^(,^^3^.^ < K^- 

This gives the estimate of IKII- 1 ,^ . 

For the last two inequalities of the lemma, the proof is similar, but we need to use 
the following estimates for ps: 

l|V^,,p.||~,^^^^._.^<C||r?||^.,i, (4.9) 

\\^ x,zp&\\i2^i.c^+e) + \\dlp5\\i2(^i.c^) < Kn- (4.10) 
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Indeed, by the the definition of p^, we have 

3 

i 



and by Lemma 3.1, we get 

j 

j>0 

<C||r?||^3^, + Chili., 
where we use the estimate in the last inequahty: 

||Ao|D|e^^l^lr?||i.(,^i^) < CWe'^^^^lDlAovhHixn") < CMv^- 
The proof is finished. □ 
Lemma 4.5. For any < 6i < and a + 5i < s — ■^j it holds that 

ll^i||y-+*i(/) < Kr,{\\d^v\\L2^j.H-+h-^) + \\dzv\\L^{iy,n'i)M\j^s+^)- 
Proof. Using Bony's decomposition (2.3), we write Fi as 

Fi = jd,v = T^d.v + Tq^^j + R{j, d,v). 
We infer from Lemma 3.3 that 

\\Td,vl\\^2(^^,^<r + Sl-h) - <^ll^^^lli°°(/xRd)ll7ll^2(^.^a + ^l-l), 

and by noting a + 5i < s — ^, 

This together with Lemma 4.4 gives the lemma. □ 
Lemma 4.6. For any < 5i < and a + 6i < s — ■^j it holds that 

ll-^2||y-+«i(/) < A'r,||V3;,2u||ioo(jxRd)||r/||^,+ i. 

Proof. Recalling F2 = {Ta — a)/\v + iTp — l3)-VdzV, it suffices to consider {Ta — a)/\v. 
We get by (2.3) that 

(r„ - a)/\v = -TAv{a - 1) - R{Av, a - 1). 
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Due to (T + 5i < s — ^, we infer from Lemma 3.4 and Lemma 3.5 that 

< C\\^v\\Lf{ixRd)\\a - 1||l2(/;H-), 

<^l|VHIz^(/;CO)ll«-l|lzi(,^^.+^)' 
which along with Lemma 4.4 give the lemma. 
Lemma 4.7. For any a, 6i G R, it holds that 

Proof. It follows from Remark 4.2 and Proposition 2.4 that 

\\{TaTA - r«A)t;||^^^^^^,+,^_i^ < Kn\\Vv\\L2^j.H.+s,-.), 

By the definition of A and the proof of Lemma 4.4, we have 

.,011^-1+. <i^,(l + |CI)'~l"l forany |e| > ^, 
from which and Remark 2.7, it follows that 

The proof is completed. 
Lemma 4.8. It holds that 

\\VaVv\\ , 1 + \\VpdM\ , 1 + \hdzv\\ , i 

< i^r,||V:i.,2i;||i2(jxRd). 

Proof. We get by the proof of Lemma 3.3 that 

< \h\\L2{I;L--)\\dzV\\L'2^Ix-R'i) < Il7 llza (/;C-) ll^^^ll L^UxR^) , 

and by the proof of Lemma 3.5, we see that 



11^(7, 5.^)ll^,(,^^-i)< / (E2~'( E \\Akj\\L^\\AedM\L^] 

j \k--e\<2;k,£>j-No 



\k-e\<2;kI>j~No 
^ C'll7llz2(/;C;-)ll^^^llL2(/xRd)> 

which along with Lemma 4.4 and (2.3) give 

The estimates for the other two terms are similar. 
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Now let us turn to the proof of Proposition 4.3. 
Proof of Proposition 4.3. First of all, we consider a = We have 

J —CO 

and by the equation (4.3) and Lemma 4.8, we get 

{dMz),dMz))^^^=2 r {d!>viz'),dMz'))^-^dz' 

J — oo 

= 2 [ (Fo - aAv + (3Vd,v - -fd,v, d,v)^,idz' 

J — oo 

- (ll^o||^-i(,) + ||div(aV^ + /5a,i;)||i2(,.^_i) 
+ ||V«V^ + V(3d.v + idMl,,^^,.^^^^^) 

This implies the case of <t = — ^. 

For general a, we use the bootstrap argument. To this end, let us first assume 

\Nx,zV\\x-{I) < K^iW'^xMlLHlxR'i) + II/Uh'-H-i + ||Fo||yr(j) + \\v\\ ^s+^W"^ x,zV\\lo. (^j^ 

Then we show that the inequality remains true for r + 6i < s — ^ with 5i < ^, thus 
the proposition follows since it is true for r = 

Set w = {dz — Ta)v. Then (v, w) satisfies the forward and backward parabolic 
equation respectively: 

{dz - Ta)w = F on / X w\z=-oo = 0, 

{dz-TA)v = w on/xR^ v\z=o = f. 
By Proposition 3.2 and Lemma 4.5-Lemma 4.7, we infer that 

ll^llx'-+*i{7) 

< Kr,{\\F\\Yr+S^j) + \\w\\L2^j.Hr+S^-^) 

< Kr,{\\Fo\\Yr+S^j^ + \\V^,zV\\L2^j.Hr+S,^e) + ||Va:,^i;||i,oo(7xR<^)ll^ll^s+l)- (4.11) 

Here we use the estimate 

ll^llL2(/;_f/'-+'5i) ^ K^\\V :,^zv\\L2(^j.Hr+S:^) ( by Proposition 2.4). 
Take V to the equation of v to get 

{dz - Ta)Vv = Vw + Ts7AV on J X R'^, Vv\z=o = V/. 
By Remark 2.7 and Remark 4.2, we have 

Then by Proposition 3.2 and (4.11), we get by using dzV = T^v + w that 

\\^x,zV\\x^+h(I) 

< K^{\\w\\xr + Snj) + IIVwII^K/.J^r + ai) + ll/lli^r + l + ^i) 

< K^v{\\f\\H-+^+'i + \\Po\\y-+'i{I) + \Nx,zV\\L2(^i.H'-+h-^) + II V^.^-f Hl-C/xR") i ) 

< Kr,{\\V^^zV\\L2(Ix-R'i) + ||/||h.+«i + i + ||i^0|lv+5i(/) + Ml ^,+^{1^ x,zV\\ L^c (I xB.")) ■ 
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This completes the proof of the proposition. □ 
4.2. Elliptic estimates in Besov space. 

Proposition 4.9. Let q G [l,oo] and v be a solution of (4-3) on I x R*^. Then for 
any r G [0, ^],d2 > 0, it holds that 

< ^r,(||V/||Bj^^^ + ||i^o|li?.(^) + \\yx,zV\\L^iI;C-'2) + ll^^,^^IIZi(/;C-^2)) > 

where Y^{I) Ll{I- Bl,^^) + Ll{I- B""-,!). 

Let us first present the Holder estimates of F. 
Lemma 4.10. For any r < ^ and q G [l,oo], we have 

Proof. By Lemma 3.4 and Lemma 3.5, we have 

ll«(7,9.J)||^^ < ^^l|5.-llzoo(,^c-f )ll7llZi(/;C^^)> 

which along with Lemma 4.4 and (2.3) gives the lemma. □ 
Lemma 4.11. For any i" < and q G [l,oo], we have 

Proof. Using (2.3), we infer from Lemma 3.4 and Lemma 3.5 that 

The proof is finished. □ 
Lemma 4.12. For any r < ^ and q G [1, oo], we have 

Proof. From the proof of Lemma 2.6, we see that 

< C(Mi(a)P||£,(,^^,.^^) + l|a||z.(,^M,VJ^o(^))l|VHIz^(/;C-) 

<^»7l|V^;||zoo(^.c-.)> 
where we denote 

ll«llL2(7-Afi ) =^ sup sup 11(1 + |^|)l°l~™afa(z;-,0llz2(/-ci+n' 

' ^+^' |o|<d/2+l+p |C|>l/2 ' ' 
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and by Lemma 4.4, we have 

The estimate for the other parts of F3 is similar. □ 

Now let us turn to the proof of Proposition 4.9. 
Proof of Proposition 4.9. Recall that if we set w = {dz — Ta)v, then (v, w) satisfies 

{d, - Ta)w = F on / X wU=.oo = 0, 

{d,-TA)v = w on/xR^ v\,=o = f- 
By Proposition 3.1 and Lemma 4.10-Lemma 4.12, we deduce that 

< K.imiy.^^^ + + l|V.,.^||£.(,^^_.,)), (4.12) 

and noting that {dz — Ta)Vv = Vw + Ty^f , we get by Proposition 3.1 that 

ll^'^llfoo^r.Rr N + IIVull^ ^,1 

< i^,(||V/||Bs,„ + ll^o||y,.(,) + \\V.M~^^^,^^^.^^r^-l^+M\^x,Ml2i^^^^^^^^ 

The estimate for dzV can be deduced by using dzV = Tav + w and (4.12). Thus, we 
obtain 

from which and the interpolation, we conclude the proof of the proposition. □ 

5. Dirichlet-Neumann operator 
5.1. Definition and basic properties. We consider the boundary value problem 

Ax.j/f^ = in 5, I . 

<^\y=, = f, ' 

where 5 = {(x,?/) : x € R'^jy < t]{x)^ . Given / G H^^'R^^^ the existence of the 
variation solution (p with Vx,y4> £ L^i-S) can be deduced by using Riesz theorem, see 
[3] for example. Moreover, it holds that 

WVccyHms) < C{\\Vr]\\L^)\\f\\^i. (5.2) 

Definition 5.1. Given rj,f,(f) as above, the Dirichlet-Neumann operator G{rj) is de- 
fined by 

Giv)f = VTTWWdn<i>\y=n. 

We have the following basic properties for G{r]), see [17]. 
Proposition 5.2. It holds that 
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1. the operator G{r]) is self-adjoint: 

(G(7?)/,<7) = if,Giii)g), yf,gem{K'')- 

2. the operator G{r]) is positive: 

{G{v)f, f) = \\^x,yHLHs) > 0, V/ G hHw"); 

3. for any f,g € -ff2(R'^), we have 

\{G{r,)f,g)\ < C{\\V7iU^)\\f\\^.\\g\\^i; 

4. the shape derivative drjG{r]) of G{r]) is 

drjG{r])'ip • dtr] = -G{r]){dtr]B) - div{dtr]V), 

where V = Vcj)\y=rj, B = dy(f)\y=rj. 

Remark 5.3. By the definition of Dirichlet-Neumann operator G{rj), it is easy to 
see that 

Vr? • + G{r,)i; 
^= 1 + |V,P ' V = ^i^-BVv. 

With the notations in Section 4, we denote v{x, z) = (l){x, ps{x, z)). In terms of v, 
the Dirichlet-Neumann operator G{ri) can be written as 

G{ri)f = (^^^^^d,v - Vps ■ Vv) . (5.3) 

\ Ozps J z=0 

5.2. Tame estimates of the Dirichlet-Neumann operator. In this subsection, 
we assume that r\ G iJ*+2(R"') n C^+'(R'^) for s > 1 + ^ and e > 0. We denote 
I = (—00,0) and by = if^fHr^H 3_,_^, llr/llxa) an increasing function. 
Following [3], we first paralinearize G{rj). We set 

1 + \Vps\' ^ ^ 

OzPS 

By Lemma 2.8 and (4.6), we have 

ll^illzio(/;a+^) + ^^^'hrii;c^+-) - ^^-^^ 

Using Bony's decomposition (2.3), we decompose G{r]) as 
Giv)f = n,d,v + Ta^.Ci - RiCi,d,v) - Ti^,.^v - Ty^ • C2 - -R(C2, V^;)!^^^. 
Replacing dzV by Tav, we get 

G{i])f = Txf + Riv)f, (5.6) 



where X = (^A - iC2 ■ ^ with A = ^{-i/3 ■ ^ + v^4a|^|2 - {P ■ 0^) and 
R{v)f = [{Tc,Ta - T^,a)v - T^Adz - Ta)v 

+ (ra_,„Ci + R{Ci,dzv) - Tv. • C2 - R{yv, C2)) 

^i?l(7?)/ + i?2(??)/ + i?3(??)/. 



z=0 
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Proposition 5.4. It holds that 

\\R{ri)f\\^.^^^<K^{\\f\\Hs + \\V,,M\L °°(7xR<*)ll'?ll^.+^)) 



\\R{^)f\\H--^ < ^r?(||/||^.-i + I|Vx,^?^||l-{/xR<^)II^II^s+i)- 

Proof. Recalling that A G r\^^(/xR'^), we get by Proposition 2.4, (5.5), Proposition 
4.3 and (5.2) that 

ll^l(^)/ll^.-i <Krj\\'^v\\L^(^j.H'>-^) 

<Kr,{\\^x,zV\\L^iIxR'') + WfWn^ + \\^x,zV\\LriI;L--)MH=+i) 
<-f^»7(ll/ll^^^ + \Nx,zV\\l^^i^iI'')\\v\\.^s+^), 

and by Proposition 2.4, we have 

p2(r?)/||^,_i < Kr,\\{dz - Ta)v\\l^^i.h'>-^) < Kr,\\Vx,zV\\x'^-^I) 
< KviWfWa^ + l|Vx,2?^||Loo(jxRd)hll^.+ i)- 
For i?3(r/), we infer from Lemma 3.3, Lemma 3.5 and (5.4) that 

This gives the first inequality. The proof of the second inequality is similar. □ 
Proposition 5.5. For any 5^ > 0, it holds that 

Proof. By Lemma 2.6, Proposition 4.9 and (5.5), we get 

\\Rl{r])f\\^i < KJVv\\l^(^j.cO) < i^,,(||/||ci + WyxMllf^^i-c-'s) + \\^^,M\Ll{I-C-'a)) 
Set w = [dz — Ta)v. From the proof of Proposition 4.9(with r = i), we see that 



hence, 



< Kr,{\\f\\ci + \\'^x,zV\\Lf{I;C-^3) + ll^^,^^llLi(/;C-''3)) • 

It is easy to show by Lemma 3.4 and Lemma 3.5 that 

||i?3(??)/ll^i < Kr,\\V^^zV\\L^{I-CO) 

< ^r?(ll/llci + \\'^x,zV\\l?'(I;C-^3) + ll^^,^^IIZ2(/;C-*3)) • 

This finishes the proof. □ 

Remark 5.6. The estimates of R{ri) may not be optimal, but it is suitable for our 
application. We refer to [3] for more sharper estimates. 

Remark 5.7. By (5.5) and Remark we know that A G Fl (/ x R'^) with the 
bound 
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6. The estimate of the pressure 

Throughout this section, we denote = {{x,y) '■ x G < ri[t,x)},I = 

(-00,0), f{t,x,z) = f{t,x,ps{x,z)), and by /C,, = K(||r/||^3+,, ||77||i2) a nondecreas- 
ing function. 

6.1. The estimates of the velocity potential. Recall that the velocity potential 
(j) satisfies 

'^x,y4' = in Qt, (k\y=-n = V'- (6.1) 
We infer from Proposition 5.2 that 

II V.,j;0||L2(f,^) = ^) ^ = i^o(V'). (6.2) 

By the definition of (V, 5), we have 

^x,y{y4>) = in V<j)\y=ri = V, 

^x,y{dy(t)) = in ilj, dy(l)\y=r, = B. 
Then it follows from (5.2) and the maximum principle that 

\Wly4>\\L^in,))<Kr,\\{V,B)\\^,, (6.3) 

l|V.,,</.||L-(no) < II(V^,5)IIl-- (6.4) 
Further more, we find that 

r /^x,ydxA^<l^)=^ in 

\ dxy<p\y=, = dxy - dxM'^B + ^q^l^' 



and 



and 



^x,ydy{^4') = in VLt, 

dyVc^\y=, = VB + vJ^^q^^ 



j ^x,y{dl(t)) = in 

\ «2 i,| _ diW-WB Vr, 

y ^yV\y=v — T+WW ■ 
Using the maximum principle, we deduce that 

W^ljWL^in,) < KjiVV,VB)\\L^. (6.5) 
Then by Proposition 4.3 and (6.3), we infer that 

\\'^.A^<P,M)\\xs-iii) < k.,{\\{v,b)\\hs + M 

< KMV,B)\\hs + M\^,^i\\{VV,VB)\\l^). (6.6) 
And by Proposition 4.9 with 62 > ^, (6.4) and (6.2), we get 

< Kr,{\\Vi^\\^i + \\Vx,zHzo.(^j.C'^2) + ll^^,^'^IIZi(7;C-*2)) 

< Kr,{\\Vij\\^i + \\Vx,z4>\\L^(IxRd) + l|Vx,^^||L2(7xRd)) 

<K,{\\{V,B)\\w^.o.+Eo{i;)). (6.7) 
Here we use the fact that Vip = V + BVt] so that ||V^|| 1 < Kr^\\{V, B)\\wi,a. . 
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Using (2.3), we get by Lemma 3.4 and Lemma 3.5 that 



\aAc)) + /3-Vd,^i,,j.^o) < C\\V 



{I;CO) - ^11 ^^'^''^IIl2(/;C1)IIV"'^^IIl^(/;C=)' 



||75.'/'IIZ|(/;C0) ^ <^ll^-'^IIZio(/;C0)ll7llz2(^.C.)- 

Hence, using the equation 
we infer from Lemma 4.4 that 



mi2^i,co)<Kv{mB)\\w^.^+EoW)- (6.8) 



Noticing that 



\d^psJ d^ps [Ozpsy 
thus by (2.3), Lemma 3.4, Lemma 3.5, (6.7), (6.8) and (4.10), we have 

\\dzdy4>\\i,^j.^o^ < K^(||a2^||j2(^.p0) + \\dz^z^^i.co)\\dzPs\\Liii;C^)) 

<i^^(||(y, 5)11^/1,00 +i?o(V))- 

Similarly, we can prove 

Then by Proposition 4.9 with S2 > j again, (6.5) and (6.2), we get 

||V,,,(V0,^)IIZco(,.co) + l|V,,,(V^,^)llj2(,.^i) 

< Kr,{\\iV,B)\\ci + ||V,,,(V^,9;0)IIl-{7xR<') + l|Vx,.(V^,^)IIZi(7;C-^2)) 
<K^{\\{V,B)\\w^.^+EoW). (6.9) 
As an application of (6.9), we infer from Proposition 5.4 and Proposition 5.5 that 
Lemma 6.1. It holds that 

||i?(r?)(y,s)||^,,_, <K,(||(y,i?)||H. + (||(y,i?)||H/i.oo+i?o(^))ll^ll^.+ i), 

||i?(r?)(F,i?)||^.-i <K,(||(y,i?)||^,_i +(||(y,B)||H^i,oo+ii;o(^))||r/||^.+ i)^ 

\\R{r^)iV,B)\\^^<K,{\\{V,B)\\wi,^+Eo{^)). 
6.2. The estimates of the pressure. Recall that the pressure P satisfies 

-P = dt^ + ^\V,,y<P\^ +gy. 
Take ^x,y on both sides and use the fact Ax^y4> = to get 

Ax^yP=-\Vly(t>\^ = -Vx,y {Vly4>-Vx,y4>) lU ^t, P\y=V=0. (6.IO) 

By the energy estimate and (6.5), we get 

\\'^x,y{P - y)\\L2{nt) < \\'^x,y(l)'^l.y(l)\\L2{nt) 

< Kj{Vci),dy<p)VxA^(i),dy<p)\\ 

L2(/xR'*) 

||v^,,(V0,ay0)||i 

< Kr,Eo{iP)\\{V,B)\\wi.o., 
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which imphes that 

Here and in what follows, we denote Pi = P — y. Indeed, if y < rj{x) — 2, following 
the proof of Proposition 9.2, we can get 

For z e [—2,0], we have 

dj\{x, z) - dj\{x, -2) = dlPi{z')dz' 

= (Fo - aAPi + pVd.Pi - jd,Pi)dz' 

with Fq = — a|V^y0p. Using (2.3), we get by Lemma 3.4, Lemma 3.5 and Lemma 
4.4 that 

llaAPi -/3V9^Pi +75,Pi||ii(_2,o;H-i) < A-^||V^,,A||l2 
So, we conclude that 

\\dzPi\\Lr{i;Lo^+H-^) < K^{Eo{^) + \\{V.B)\\w^,^f. (6.12) 
Lemma 6.2. It holds that 

ll"|v£>PIIZi(/;/^.-i) < K,{\\{V,B)\\w^,^\\{V,B)\\hs + \\{V,B)\\l,,,M\^s^i)- 

Proof. Using (2.3), we get by Lemma 3.4 and Lemma 3.5 along with Lemma 4.4 and 
(4.6) that 

<^.II^IIZ50(/;CO)I|V£>IIZ.(,^C7^) 

< i<^r,||V,;,;;(Vx,y^)||joo(j.cO)||Va;,^(V^,y(^)||~2(^.^l^, 



where we use the chain rule so that 



O z^x,y4> i{^r^ X _ ^z'^x,y<i 



Then the first inequality of the lemma follows from (6.5) and (6.9). 

Using (2.3), we get by Lemma 3.3- Lemma 3.5 along with Lemma 4.4 and (4.5)- 
(4.6) that 

< ^^(l|Vl,y</'||ioo(noll^ll^.+ ^ + l|Vl,y</)||L-(Qol|Vx.,.v;^||i2(,.H.-i)), 
from which, (6.6) and (6.5), we deduce the second inequality. □ 
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Now we infer from Proposition 4.9 with ^2 > f + 1, Lemma 6.2, (6.11) and (6.12) 
that 

< iS:^(||a|V2^j^</)|2||~2^^,^(^ + \\'^x,zPl\\L^{I-L^+H-i) + l|Vx,^A||L2(/xRd)) 

<K^{Eo{i') + \\{V,B)\\wi,oof. (6.13) 
On the other hand, using the equation 

a^Pi = -aAPi - 13 • Vd.Pi + 7a,A - a|V2^|2, (6.14) 
we infer from Lemma 3.4, Lemma 3.5, Lemma 4.4 and Lemma 6.2 that 

32T 



,l) 



<Kr,{EoW + \\{V,B)\\wi..oo)\ (6.15) 
While, it follows from Proposition 4.3, Lemma 6.2, (6.11) and (6.14) that 

<Krj{\\V,,,Pi\\L2^i^-R,) + \\a\Vl 

,S/'^I^IIl2(/;H=-1) 

+ hll^.+ i||v.,.Pi||i °°(/xR'*)) j 
< Kr,{l + i?o(V') + ll(V^,i?)lliyi-)'(ll^ll^.-,i + \\{V,B)\\h^). (6.16) 
Here we use the fact \\^x,zPi\\l°°{Ix'R'') — C\\Vx,zPi\\~ i and 

l|9'^i|lLi(/;/f-i) < ^^(l|Vx,.Pi||ioc(,^Rd)||r/||^,+ i + ||V,,,Pi||_^,_i^^^ + ||a|V2 

,J/'?^l^llL2(/;/f--l))' 

which follows from Lemma 3.3, Lemma 3.5 and Lemma 4.4. 

To estimate {dt + V ■ V)a, we derive the equation of P {dt + V x,y4> " '^x,y)P- 

Lemma 6.3. Assume that {(j), r], P) is a smooth solution of the water-wave system 
(1.5)-(1.7). Then we have 

Ax^yP = AVly4>■^lyP + 2E^J,ki^i^J4>){m4>){^j^k^^ in n^, 



P\ — 

^ \y=v ~ 

Proof. By (1.5) and (6.10), we get 

Ax,y{Vx,y(p • yx,yP) = 2Vl^y<j) ■ Vl yP + Vx,y(^ ■ Ax,yV x,yP 

Hence, 

Ax,yP = 2vly<p • vlyP - 2{di.dj<p){dt{didj<p) + dk<pdk{didj (/>)). 

Taking didj on both sides of (1.7), we get 

dtididjcj)) + dk(l)dk{didj(j)) = -didjP - {didk4>){djdk(t)). 
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This gives the first equation. 

Due to P{t, X, rf) = 0, we infer that 

Pt + vtdyP\y=^ = 0, VP + VndyP\y=r, = 0, 

which implies that 

Pt + ^x-y4> ■ '^x,yP\y=r, = -dyP{'r]t + V(j)-Vr]- dy(l))\y=^, 

from which and (1.6), it follows that P\y=r^ = 0. □ 

Remark 6.4. Using A^^ycj) = 0, the second term on the right hand side of (6.17) can 

be written as the divergence form: 

J2 i^i 9j 0) {di dk(j)){djdk(l)) 

= ^di{{dj(j)){didk(l)){djdk(j))) - ^{dj(t)){didk(t>){didjdk(j)) 

i,j,k i,j,k 

= J29i{{dMdidkcP){djdk<^)) - ^ ^{djcP)dj{{didk<Pmdk<P)) 

i,j,k i,j,k 
Now we infer from (6.17) and Remark 6.4 that 

\Nx,yP\\L^nt) < 4||V^_y(/>||ioo(j^^)||V^,j^Pl||i2(f^^) +2||V^.^j^(/)||^oo(f^^)||Vx.,y(/'||L2(n^). 

Then following the proof of (6.12), we get by (5.2), (6.2), (6.5), (6.11) and (6.13) that 
||V,,,P||i^(,.ioo+^-i) + ||V,,,P||^2(,^R.) < K^iEoii;) + ||(F, 5)11^^1,^)1 (6.18) 
Lemma 6.5. It hods that 

||aF|IZi(/;B^j < ^.,(11(^,^)11^/1- +^o(^))'. 
Proof. Using (2.3), we get by Lemma 3.4 and Lemma 3.5 that 

ll«^IIZi(/;B^,J ^ ^'^(II^C^ • ^Cp|Izi(/;B^,,) + ll(v£J)2|lzi(7;Ce)l|Vl,,<^||L-(n,)) 
By the chain rule, we have that for i = 1, • • • ,d, 

d,p = Kp + (hP-d,p5, d,p = d^-d,ps, {di = d^j 
dlP = &fp ■ {d.psf + d^p ■ dips, 

dl^p = 5gp + &f^p ■ d,ps + • dips + dl^ps ■ Kp + dipsdjps ■ £p, 

dlzP = • dzP5 + dl.ps ■ + d,psd,ps ■ 
which along with Lemma 3.4, Lemma 3.5, (4.6) and (4.10) implies that 

Then the lemma follows from (6.4), (6.9), (6.13) and (6.15). □ 
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Then we infer from Proposition 4.9 with (52 > | + 1, Lemma 6.5 and (6.18) that 

Wx,zP\\l^f^j.BO^ J < Kv{\\^^\\lI{I:BI^ J + \W x,zP\\l^{I-L°°+H-^) + \W x,zP\\L'^[Iy_-R,d)) 

<K^{\\{V,B)\\w,,^+Eo{^)f. (6.19) 

7. New formulation and symmetrization 
RecaU the water-wave system 

f 9^7? - G(??)V = 0, 

Fohowing the framework of [3], we introduce the new unknowns 

C = Vr?, B = dy(l)\y=r,, V = V(j)\y=^, a = -dyP\y=r,- (7.2) 
Recah that the pressure P satisfies 

-P = dt<i) + \\V^,y<i)\'' + gy, (7.3) 
where (j) is the solution of the ehiptic equation 

^x,y(t) = in Q.t, (l>\y=r, = V'- 

Then the system (7.1) can be reformulated as(see [3]): 
Lemma 7.1. The new unknowns {V,B,() satisfy 

{dt + V-V)B = a- g, (7.4) 

{dt + V- V)V + oC = 0, (7.5) 

{dt + V- V)C = G{7])V + CG{i])B. (7.6) 

Proof. For the reader's convenience, we present a proof. By the chain rule, for any 
function / = f(t,x,y), we have 

(dt + V- V){f\y=^) = idt + V- V)(/(i, X, r?)) 

= [{dtf + V0 • V/) + dyfidtrj + V • Vr?)] |^^^ 

= {dtf + Vx,y^-Vx,yf)\y=r,. (7.7) 

Here in the last equality we use the fact that 

dt7] + V- V?? = B. (7.8) 

Taking S/x,y to (7.3), we deduce the equalities (7.4)-(7.5) from (7.7) and P{t, x, if) = 
0. Taking dx^ to (7.8), we get 

{dt + V- V)dx,7j = dx,B - dxVjdx^ij. (7.9) 

j 

By the definitions of {V, B) and G{r]), we find 

j j 

=G{7])V, + dx,nG{v)B, 

which along with (7.9) gives (7.6). □ 



30 CHAO WANG AND ZHIFEI ZHANG 

Now we introduce the so called good unknown (UsXs) defined by 
Us =^ {DYV + T^iDYB, Cs =^ {D)%. 
Lemma 7.2. The unknown {Us,Cs) satisfies 

{dt+TvV)Us+TaCs = fl, 



idt + TvVKs = TxUs + f2, ^^-^^^ 
where (/i, /2) is given by 

h ={Drhi - [{Dr,Tv • V]V - [{Dr,Ta]C - [{Dr,T^]{dt + Tv • V)B 

- T^[{DY,Tv ■ V\B - [T^, dt + Tv V](Z))^i?, 
/2 ={Drh2 - [{Dy,Tv ■ V]C + [Ta, {Dyp, 
with U = V + T^B and {hi, /i2) given by 

hi = (Tv -V)-VV- R{a, C) + T(^{Tv - V) ■ VB, 
h2 = {Tv -V)-VC+ [To Tx]B + (C - T^)TxB + R{r])V + CR{v)B. 
Proof. Applying Bony's decomposition (2.3) to (7.4)-(7.6), we get 
{dt + Tv • V)V + TaC + T^{dt + Tv • V)B = hi, 
{dt + Tv ■V)C = TyJJ + h2. 
Then the system (7.10) follows by applying {D)^ to the above equations. □ 
We denote 

7 = \fa\, q= ^/^, es= TqCs- 



Taking Tq on the both sides of the second equation of (7.10), we obtain the following 
symmetrized system: 

{dt + TvV)Us+^9s = Fi, 



{dt + Tv ■v)es-T^Us = F2, ^^-^^^ 

with {Fi,F2) given by 

Fi = /i + (r^r,-r,)c„ 

F2 = Tqf2 + {TqTx " T^)Us " [Tg, dt + Tv V]Cs. 
8. Energy estimates 
Assume that {Us,0s) is a solution of (7.11) on [0,T], and a{t,x) satisfies 

inf a{t, x) > cq. (8-1) 

(f,x)e[0,T]xR'' 

We denote by = K^(^supte[o,T] {\\v{t)\\^3^e + ^) by an increasing 

function, which may be different from line to line. By the definition of {'y,q), it is 
easy to show that 

Ml{^)+M-^q) < K^WaA, M\{^)+M-'^q) < 4||a|| i . (8.2) 

' 2 2 ' G 2 

And by Lemma 3.3, we have 

\\{Us,9s)\\l2 < kI{\\{V,B)\\hs + M\^,^i). 
The goal of this section is to prove that 
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Proposition 8.1. 

</^i(Gi(t)||(y,i3)||H»+G2(t)||r?||^,^i +||a-g||^,„i), (8.3) 

where Gi{i = 1,2) is defined by 

Gi(i) = l + ||a||^i+ 11(^5)11^1^^^, 

G2{t) = 1 + ||a|| + \\dta + V ■ Valli^ + ||a||^i (||(F, B)\\j,.^^^ + EoO;)) . 
Proof. We multiply {Us, 9s) by both sides of (7.11) and integrate on R'^ to obtain 

~\\{Us,es)\\h=h + l2 + h, (8.4) 

with li given by 

Ii = -{Tv • V^7„ Us) - {Tv • VOs, 9s), 
h = -{T^es,Us) + {T^Us,9s), 
h = {Fi,Us) + {Fs,9s). 

By Proposition 2.4, we know that 

\\{Tv -Vy + Tv -VWl^^V^ <c\\v\\w^,^. 



2 



from which and (8.4), we infer that 

^^\\{Us,9s)\\l^ < K},{\\{V,B)\\wi.o. + M^i)\\{Us,9s)h2 + \m,F2)h2. (8.5) 
It remains to estimate ||(Fi, ^2)11^2. By Proposition 2.4 and (8.2), we get 

||(T^T,-TJCs||l2 <i^,ia||^,||C.||^_i <i^,i||a||^,||r?||^,^i, 

||(T,TA-r^)/7,||^2 <iri||a||^i||C/,||^2 < Jfi||a||^i||(y,i?)|U.. 

By Proposition 2.4 and Proposition 2.9, we get 

\\[{Dr,Tv -VMl^ < C\\V\\wi,oo\\V\\hs, 
\\T^[{D)^,Tv -VMl^ < kI,\\V\\w^,.o\\B\\h^, 
||TJ(^^)^^y• V]Ck2 <ir(r?,a)||a||^i||y||H/i,oo||r?||^,+ i, 

and by Remark 5.7, 

||[(I))^T,]C||L2 <C||a||^i||VC||^._i <C||a||^i||VC||^._i, 
||r,[(Z)r,TA]C/|U2 <Ki||a||^i||[/||j^. <K,^||a||^i||(F,S)||H- 
Using the equation dtB + V ■ VB = a — g, we get by Proposition 2.9 that 
\\[{D)^,T^]{dtB + Tv ■ S/B)\\l2 < K}^\\dtB + Ty ■ Vi?||^._i 

< K^^{\\a- g\\^,_i + \\B\\wi,^\\V\\hs). 
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By Proposition 2.10, we get 

\\[T^,dt+TvV]{DYB\\L2 

< kI[\\v\\bi^^^ + \\{v,b)\\w^^..)\\b\\hs. 

Here we use the fact that 

d 

{dt + V- V)d,r] = diB-Y, diVjdjri. 

j=i 

Similarly, we have 

\\[Tg,dt + TvV]Cs\\L^ 

< C{MohQ)\\V\\Bl^^ + M~Hdtq + V ■ Vq)) \\Cs\\h-^/^ 

< K',{\\a\\^i llFll^i^^^ + \\dta + V ■ Vah^ + ||a||^i ||9iVr? + V ■ VVr?||i^) ||r?||^,^i 

< K',{\\a\\^i\\V\\s^^^^ + \\dta + V -VaU^ + \\a\\^^\\{V,B)^^^^^ 

Using (2.3), we infer from Lemma 3.3 and Lemma 3.5 that 

|KZ))^/ii||i. <K^^(||(y,i?)||H/i,oo||(y,i?)||H= + ||a||^i||r?||^,^i). 

Next we present the estimate of h2- First of all, we have by Lemma 3.3 and Lemma 
3.5 that 

\\{Tv -V) -VCW^^^i < kI\\V\\hs, 
\\{C-T^)TxB\\^^_^<C\\TxB\\L^\\r,\\^^_^^. 

It follows from Proposition 2.4 that 

\\[Tc,Tx]B\\^^_^<K^JB\\hs. 

And by Lemma 6.1, we get 

\\R{v)V\\^,^i < K',{\\VU^ + m,B)\\wi.^+Eo{mM^s+^), 
||Ci?(r?)i?||^._i < A'i(||i?(r?)i?||^,_. +P(r?)S|U^||C||^._i^ 

< K'^{\\B\\h^ + (11(^,5)11^.1.00 +i?oW)hll^.+ i). 

Hence, we deduce that 

\\{DrTgh2\\L2 

< K^WaW^, {\\{V,B)\\hs + (||(V,S)||h/i,oo +i?o(V') + mB\\L^)M\^^_^r). 
Noting that 

mBU^<\\TxB\\^o^^^<K'jB\\^^^^^, 
then by summing up the above estimates, we conclude that 

||(Fi,F2)||i2 <Ki(Gi(t)||(y,S)||H^+G2(t)||7?||^,+ i +||a-5||^._i), 
from which and (8.5), we deduce (8.3). □ 
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Next we recover the estimate of (V,B,r]) from that of {Us,Os). 

Lemma 8.2. It holds that 

hll^.+ i <i^,i(||(7?,e.)||L2 + ||a||J,||C.k-i), 
\\iV,B)\\Hs < Kl^iWUsh^ + 11(^,5)11,^2 + i\\iV,B)\\w^,^+Eo 

Proof. First of ah, we have 

Cs = (1 - Ti/qTq)Cs + Ti/qTgCs = (1 " Ti/qTg)Cs + Ti/qOg 

which along with Proposition 2.4 and (8.2) imphes 

.i<Kl(\\a\\ijaH-^ + \\es\\L^). 



Hence, we get 



1^.+^ < II^IIl^ + 11611^-1 < kI{Ml2 + ||a||J, + WOsWl^). 



Recall that 



Thus, we get 



U = V + T^B, VB = G{ri)V. 



VU =VV + T^VB + T^^B 
=VV + T^Gi7])V + T^^B 
=VV + T^iTxV + R{7])V) + Tvc^. 

Let TpV = Tj^+^A^, then 

TpF =VU - {T^Tx - T^x)V - T^{R{v)V) + m^V - VV) - T^^B 
=VU + R\ri)V - TvcB, 

which implies 

V = Ty,{VU + R'{v)V - Tvci?) + (1 - Ti/prp)F. 
Then by Proposition 2.4 and Lemma 6.1, we get 

\\V\\hs <K',{\\U\\hs + \\R{r^)V\\Hs-i + + IIV^II^.-^) 

<K'^{\\U\\hs + \\{V,B)\y) +^\\{V,B)\\hs 

+ K'^{\\{V,B)\\w^^^ + EoWm^s^^, 
on the other hand, we have 

\\B\\h^ < 11^11^2 + ||G(r/)y||^.-i 

< \\Bh2+K'^{\\V\\H^ + i\\iV,B)\\w^:^+Eo{m\v\\^s+^), 
from which, it follows that 

\\{V,B)\\hs < K',{\\Ush2 + 11(^,5)11^2 + {\\{V,B)\\w^^^+Eo{m\r]\\^s+i 
Then the lemma follows from (8.6) and (8.8). 
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Lemma 8.3. It holds that 

\\{V,B)\\s,^^^ < A'i(l + \\{V,B)\\wi,^+Eo{i;)) ln(e + ||C/, 11^2 + \\B\\hs). 

Proof. It follows from (8.7), Lemma 2.6 and Lemma 6.1 that 

ll^b^, < K'.miBl,, + \\Riv)V\\s^^^^ + \\{V,B)\\ . ) 

hence by VB = G{r])V, we get 

WVBW^o < \\G{ii)V\\^o < mvW^o + \\R{v)V\\ r 

oo,l oo,l oo,l O 2 

< K'^{\\V\\si^^ + \\iy,B)\\w^^^+EoW) 

This proves that 

\\{V,B)\\b.^^^ < + \\{V,B)\\w^^^+Eo{i^)). 

Give any N £ N, we have 

\\U\\bi^ < 2-''||AjC/||loo + 2^\AjU\\Lo^ 

j<N j>N 

< CN\\{V,B)\\wi,^ + Y 2^^~'^mAj{DyU\\Loo 

j>N 

< CN\\{V,B)\\wi,oo + Y 2'^^~'^^\\Aj{Dyu\\L^ 

j>N 

< CN\\{V,B)\\w^,^+2-''^^-'-l^\\{DrU\\L2, 

taking N such that 2''^^'-^-i'>\\{DyU\\L2 ~ 1, we get 

\\U\\bI^ < C{1 + \\{V,B)\\w^,^) ln(e + UDyUWr^) 

< K^{1 + ||(y,S)||H/i,oo) ln(e + 11^7,11^2 + \\B\\hs). 
The proof is finished. □ 

9. Proof of Theorem 1.3 
9.1. The basic energy law. We introduce the total energy functional H{r],^) as 

Hir],i;)'M [ (5|r?|2 + ^G(??)V)dx. (9.1) 

Proposition 9.1. Assume that {r],ijj) "is a smooth solution of (1.8) with the initial 
data (??Oi^o) on [0,T]. Then it holds that 

H{r^{t),i,{t)) = H{rio,iJo) for any t G [0,r]. 

Proof. Multiplying gij and G{r])ip on the both side of the first and second equation of 
water wave respectively, and integrating on R*^, then we add the resulting equations 
to obtain 
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First of all, we have 

(atV,G(r?)V^) = 5i(V^,G(r?)V') - ((i^G(r/)V^ • S^r?, V^) - (V', G(r?)5tV'). 

Then by Proposition 5.2 and (1.8), we get 

2(5t^,G(r/)^) = ^ti^l^,Gi7J)i;) - (fi,G(7?)V • 9^7/, V) 

= dt{iP,G{vm + {Gi7]){dtvB) + div{dtvV),i;) 

= at(V,G(r/)^) + {dt7]B,Gi7])i;) - idt7]V,Vij) 

= at(V',G(7?)^) + (G(7?)V'i?,G(7?)^) - (G(??)V1/,VV) 

= dtiiP, Givm + (G(7?)^, G{v)^f^B) - {G{ii)i^, V ■ W) 

= at(V, G(r?)^) + (G(7?)^, 0(7?)^^^ - y • W). (9.2) 

It follows from Remark 5.3 that 

IVV'P - ^^^''If+iv^p^'^^' = + ^V.?) • VV^ - B{G{r,)^ + V^i • V^) 

= V■V^p- BG{'q)^l), 

which along with (9.2) implies that 

^ / (<7|r/|2+V^G(7?)V')dx = 0. 



dt 



This implies the proposition. □ 

9.2. Holder estimate of the free surface from the mean curvature. Recall 
that the equation of the mean curvature 

V • ( , ) = K, (9.3) 
where k is the mean curvature of the free surface y = r]{t, x). 

Proposition 9.2. Assume that i] S W^'°° and k G L? r\ for some p > d. Then 
rj & C p with the bound 

||r?||^2-| < G{\\Vr]\\L^, \\K\\L2nLp)- 
Proof. Taking di = dx^ on both sides of (9.3), we get 

diK = di{{l + |Vr/|2)-l9^a^?? - (1 + |Vr?|2)-f 9j7?ai77ai9£77) . 

We set -qi = d^-q and aij = (1 + |Vr/p)~i ((1 -|- |Vr/p)(5jj — dirjdjrj). Then we find that 

dj{aijdir]i) = din. (9.4) 

It is easy to verify that the matrix (flij) is uniformly elliptic with the elliptic constants 
depending on HVr^H/^oo . Using the De Giorgi method, it can be proved that i]^ G 
for some e > and 

WmWc^ < c'(||Vr/||ioo, ||K||ip). 

This means that r] £ C^"*"^, hence Uij G C"^. 
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Next we prove Holder regularity of i]i by freezing the leading coefficients method. 
For any ball Br{xQ) C R'^ with radius r and center xq, let w he a unique solution of 
the Dirichlet problem 

/ aij{xQ)diwdj(fdx = foi any (f G Hq {Br (xq)) 

J Br{xo) 

with w — r]i £ HQ{Br{xQ)). Then v = r]£ — w satisfies 

aij{xo)divdjipdx = ( - Kd^ip + {aij{xo) - aij{x))dir]£djip)dx 

Br(xo) J Br{xo) 

for any G HQ{Br{xo)). Take = v to get 



\Vv\'^dx<c(r^' [ \Vr]i\'^dx+ [ \k\ 



"^dx 



I Br{xo) 

which along with Lemma 9.3 gives for any < p < r 

/ \V^^,\^dx<c({r'^ + {Py) [ iV^el'dx + r'^'-I^Mh,, 

JBp(xo) ^ r JBrixo) 

from which and a standard iteration, we infer that there exists iio > such that for 
any < p < r < Rq, 

[ \Vvi\''dx<c({^y^'-'^^ [ |Vr?,pdx + /(^-|)||K||i,). 

JBpixo) ^ ^ JBrixo) ' 

In particular, taking r = Rq yields that for any p < Rq, 



[ \Vvi\'dx < Cp''^'~l\\\Vr]e\\h + Mh) < Cp' 

JbJxo) 



^{xo) 

This implies that r]i £ C p and 

< C'(I|V?7||loo, ||K||^2nLp). 

Hence, r] £ C p and the proposition follows. □ 

Lemma 9.3. Let w be as in the proof of Proposition 9.2. Then for any u G H^{Br{xo)) 
and < p < r, it hods that 

[ \Vu\'^dx<c({^y [ \Vu\'^dx+ [ \V{u-w)\'^dx 

JBpixo) ^ f JBrixo) JBrixo) 

where C is a constant depending only on the elliptic constants of (ajj(xo)) 
Proof. Set V = u — w, we have for any < p < r, 

/ \Vu\'^dx<2 \Vw\'^dx + 2 \Vv\'^dx 

JBpixo) JBpixo) JBpixo) 



< 



C{^Y [ \Vw\'^dx + 2 [ \Vv\'^dx 

f JBrixo) JBrixo) 



<C{f^t \Vu\^dx + C iVvl'^dx. 



I Brixo) JBrixo) 

Here we used the property of Harmonic function for w, since it satisfies an elliptic 
equation with constant coefficients. □ 
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9.3. Proof of Theorem 1.3. Recall the assumption of the theorem: 

M{T) =^up,g[o,T] II'^WIIlphl^ + !^ \\{VV,VB){t)\\l^dt < +00, 

dP 

(t,x,y)e[o,T]xSt an 
In order to prove Theorem 1.3, it suffices to show that 

sup Esit) <C{EsiO),M{T),T, TS(a)-i), 

ie[o,T] 

where C{- ■ ■) is an increasing function, and 

Es{t)'M\\(^,^)(t)\\ ^+\\{V,Bm\\Hs, TS{a)'M M a{t,x). 

^ ^ {t,x)e[o,T)xnt 

In what follows, we denote by = ( supig[o,T] + II^COIIlO' TS(a)-i) 

an increasing function. 

Thanks to the equation of r^, we find that 

d 

(dt + V- V)diri = diB-Y, diVdjr,. 

which implies that 

I|V??||l^((o,t)xR^) < C{EM,M{T),T). 
Hence by Proposition 9.1 and Proposition 9.2, we obtain 

sup {Um^^+. + \\vmL^)<C{EM,M{T),T), 

with e = i - I > 0. Hence, < C{Es{0), M{T),T) . Note that 



a{t, x) = —dyP 



1 dP. 



Hence, TS(a) > ci for some ci > 0. 

By the definition of a, we infer from (6.13) and (6.16) that 

\\a\\^.<K'^{\\{V,B)\\w^,^+EoW)\ (9.5) 

\\a - <7||^._i < K^,{1 + \\{V,B)\\wi.^ + Eo(^))'(ll^ll^.+ i + \\{V,B)\\hs){9.6) 

By (7.7), we find that 

dta + V ■Va = dyP - dyVx,ycl) • '^x,yP\y='n, 

which along with (6.19), (6.13) and (6.5) implies 

\\dta + V-Va\\L^ <K^,{\\{V,B)\\wi,^+Eo{^P)Y. (9.7) 
Recall that {V,BX) satisfies 

{dt + V-V)B = a- g, 
{dt + V- V)V + aC = 0, 
(dt + V- V)C = G{r])V + CG{v)B. 
Making energy estimate for (V,B), we get 

^^\\{V,B)h2 < \\{VV,VB)\\L^\\iV,B)h2 + \\a-gh2 + ||a||i^ ||C||i2. 
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While, making H'^ energy estimates for it is easy to obtain 

< cwvvWl^WcWh^-i + WCWl^WvWhs + ||G(r?)y||^.-i + ||CG(77)i?||^.-i 

< kI,{\\VVU^\\C\\hs-i + \\iV,B)\\Hs + i\\iV,B)\\wi,o. + Eoim\r]\\^s+i). 
Then by (8.3), (9.5)-(9.7), Lemma 8.2 and Lemma 8.3, we obtain 

j^{ms,es)h2 + \\{v,B)U. + \\Cs\\h~^) 

< Ki^G{t){\\iUs,eML^ + IIC.IIh-1 + \\iV,B,7^)h2) In {e+\\iU,,e,)h2 + \\{V,B,rj)h2). 
with G{t) = {l + Eo{ip) + \\{V, B)\\wi,o.Y . Note that 

\\iV,B)\\L^ < C{\\iV,B)\\^_^ + \\{VV,VB)U^) < K,{EoW + \\{VV,VB)\\l^), 

EoW + WvWl^ < '^(IIV'oll^i + Wmh^)- 

Then we apply Gronwall's inequality to obtain 

+ \\iV,B)\\L2 < C{Es{0),MiT),T, TS(a)-i). 
Noting that for any e > 0, 

\\{V,B)\\wi.^<CMV,B)h2+e\\iV,B)\\Hs. 
Then by Lemma 8.2 again, we deduce that 

ll^ll^.+ i + \\iV,B)\\Hs < C{EM,M{T),T, TS(a)-i). 
This completes the proof of the theorem. □ 
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